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 A B S T R A C T 

Latent heat thermal energy storage (LHTES) is applied to heating, 
ventilation and air-conditioning (HVAC) systems. Thus, it is essential to 
use renewable energy sources such as solar, wind, sea and geothermal 
to ensure the reliability and availability of generated power in the 
consumer grid. PCMs are employed extensively and available as 
paraffin waxes, non-paraffinic organics, hydrated salts, pure metals 
and alloys. The numerical simulation of thermal energy storage (TES) 
reservoirs depends on the thermophysical and phase transformation 
properties to predict the behaviour of latent heat release. The phase 
transformation process is numerically non-trivial since it adds non-
linear behaviour to the set of transport equations. This work develops 
a numerical model for the transient solidification of multicomponent 
alloys for medium-temperature PCM to elaborate a graphical solution 
for melting/solidifying PCM as auxiliary tools in the design of thermal 
reservoirs. The theoretical solution proposed for the microsegregation 
parameter βi  is based on the phase nucleation/growth radius, which is 
dependent on the thermal field tensor Γ in substitution of SDAS⁄2. The 
selection criterion of the alloys is based on the availability of 
thermophysical properties and phase diagrams. This is the first step in 
obtaining a data set for the AI designing-aid tool for LHTES reservoirs. 
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1. INTRODUCTION  
 
The determination of melting and solidification 
kinetics of multicomponent alloy systems 
demands a coupling between thermal fields in 
the microscopic and macroscopic scales by 

binding the transport equations in both scales 
with the corresponding phase transitions. 
Among the methods available for solving the 
so-called Stefan problem can be mentioned 
analytical, semi-analytical and numerical 
methods. A comprehensive review of the 
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literature can be found in [1-8]. In the present 
scenario of Global Warming due to the high 
emission of greenhouse gases (GHG) by human 
activities [9], getting the most out of renewable 
sources concerning their availability and 
reliability to minimise the mismatch between 
supply and demand is imperative [10]. The 
abovementioned issue is addressed in terms of 
the latent heat thermal energy storage 
(LHTES). The thermal energy storage (TES) has 
since long been applied to heating, ventilation 
and air-conditioning (HVAC) systems to take 
advantage of lower electric tariffs [11,12] and 
also in many branches of industry [13]. The 
thermal storage reservoirs use a phase-change 
material (PCM) to store energy in the form of 
latent heat, e.g., by absorbing a high amount of 
energy during melting and releasing it during 
solidification. According to the type, PCM can 
be classified as organic (paraffin and fatty 
acids), inorganic (salt hydrates) and eutectic 
materials (organic and inorganic), relating 
their melting temperature (low, medium and 
high) to the latent heat of fusion. LHTES stores 
5-14 times more heat than sensible heat 
thermal energy storage (SHTES) [14-18]. 
Recently, Maleki et al. [19] have investigated a 
combination of photovoltaic cells and 
thermoelectric generator (TEG)/dual-PCM to 
prevent it from overheating by improving its 
electrical efficiency. The maximum theoretical 
efficiency of thermal electric generator is 33% 
for high temperature of 𝑇𝐻 = 1400K and 𝑇𝐶 =
300K and ∆𝑇 = 1100K, and the second most 
efficient range is 23.9% at 𝑇𝐻 = 1100K and 𝑇𝐶 =
300K, for ∆𝑇 = 800K and the third is 17.1% at 
𝑇𝐻 = 860K and 𝑇𝐶 = 300K, for ∆𝑇 = 560K [20]. 
Solar thermal power plants use solar radiation 
to produce electricity and the generation 
worldwide was about 10GWe by 2021. 
Concerning the solar thermal power plant, it 
consists of two basic components: the solar 
field and the power block. There are four main 
concentrating solar technologies commercially 
available: linear Fresnel collector, parabolic 
trough collector, central receiver systems and 
parabolic dish. The power block can be 
classified according to the thermodynamic 
cycle, solar field and heat transfer fluid applied. 
The steam Rankine cycle is the most employed 
and commercially available configuration for 
the power block [21]. Due to the discontinuous 
nature of solar radiation, an intermediate 
medium is applied to transfer the thermal 

energy to the working fluid, the thermal energy 
storage. The strategy applied to TES can 
minimise the parasitic consumption of the 
plant and increase its overall efficiency as 
reported in [22,23].  
 
In this paper, a numerical model previously 
applied to the study of solidification kinetics, 
solute segregation [5,24,25], microporosity 
formation [26,27] and the evaluation of 
thermophysical properties [28] of 
multicomponent alloys will be used to predict the 
kinetics of solidification of a medium-
temperature PCM and to elaborate graphical 
solution of the thermal variables of solidification 
for a wide range of Biot and Fourier numbers. 
 
 
2. MATHEMATICAL FORMULATION AND 

DIMENSIONLESS ANALYSIS 
 
In heat conduction with phase change, the liquid-
to-solid transformation can be described by a set 
of dimensionless numbers, i.e., Biot which is the 
ratio between convective and conductive thermal 
resistance, Fo is Fourier number defined as the 
heat diffusion capacity of the material with 
respect to the space and time scales, Ste is Stefan 
number defined as the ratio of sensible and latent 
heat, Prandtl is the ratio of momentum diffusivity 
and thermal diffusivity, Re is Reynolds number 
and corresponds to the ratio of inertial and 
viscous forces, and Sc is  Schmidt number defined 
as the ratio of momentum diffusivity and mass 
diffusivity in assemblance of Prandtl number.  
 
The dimensionless parameters and numbers 
applied for the solidification of PCM are the 
following: 
 

𝑧∗ =
𝑧

𝑍𝑏
    (1) 

 

𝑢∗ =
𝑢

𝑢∞
   (2) 

 

𝑡∗ =
𝑢∞

𝑍𝑏
 𝑡   (3) 

 
∆𝑇 = 𝑇(𝐹,𝐿,𝐸𝑈𝑇)   (4) 

 

𝑇∗ =
𝑇−𝑇𝑆

∆𝑇
 𝑜𝑟  𝑇∗ =

𝑇

∆𝑇
   (5) 

 

𝑃𝑟 =
𝜈

𝛼
     (6) 
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𝑆𝑐 =
𝜈

𝐷
     (7) 

 

𝑅𝑒 =
𝜌 𝑢 𝑍𝑏

𝜇
     (8) 

 

𝐹𝑜 =
𝛼 𝑡

𝑍𝑏
2     (9) 

 

𝑆𝑡𝑒 =
𝐶𝑃𝐿 𝑇(𝐹,𝐿,𝐸𝑈𝑇)

Δ𝐻
   (10) 

 
2.1 Numerical modeling   
 
The numerical model adapted to this work for the 
simulation of the solidification process of pure 
metals and eutectic alloys is the same proposed 
by Swaminathan et al. [5], modified and applied 
to problems of inverse macrosegregation of 
multicomponent systems [24,25] and 
microporosity formation [26-28].  
 
The numerical model modified by Ferreira et al. 
[24-28] encompasses the following 
characteristics: 

1. It can deal with the coupling of temperature 
and composition fields and multiple reactions 
during solidification of multicomponent 
alloys, such as primary phase transformation, 
phase precipitations, eutectic and peritectic 
transformations;  

2. It considers the effect of the difference in 
specific mass between the liquid and other 
primary and secondary phases during the 
solidification in the form of a shrinkage-
induced flow; 

3. A temperature rescaling is used to deal with 
the solidification of pure eutectic materials. 

 

2.2 Model Assumptions 
 
The numerical model for unsteady solidification 
of pure metals/compounds and multicomponent 
alloys is based on the following assumptions: 
 
1. The domain is one-dimensional and finite, 

defined by  0 ≤ 𝑍 ≤ 𝑍𝑏 as shown in Fig. 1, in 
which the boundary conditions at 𝑍 = 0 are 
of third kind and at 𝑍 = 𝑍𝑏 no heat and mass 
fluxes are allowed; 

2. The phase change material (PCM) to be 
solidified is taken to be a pure metal or a 
multicomponent alloy; 

3. The solid phase is stationary, i.e., once formed 
it has a velocity equal to zero; 

4. In the case of a eutectic composition alloy, 
due to the relatively fast nature of heat and 
mass transport in an average microscopic 
element, the temperature 𝑇, the 
concentration 𝐶𝐿𝑖, the specific mass 𝜌𝐿 and 
the liquid velocity 𝑢𝐿 are considered 
constant; 

5. In a general case, in the phase diagram, the 
angular coefficient of the liquidus isotherm 
𝑚𝐿𝑖 and the partition coefficient 𝑘0𝑖 are taken 
to be constant, e.g., the mean integral value; 

6. In a general case, equilibrium conditions at 
the solid/liquid interface are assumed, i.e., 
either 𝐶𝐿𝑖 = 0 for pure metal or 𝐶𝐿𝑖 = 𝐶𝐿𝐸𝑈𝑇𝑖, 
for eutectic reactions. 

 

 
Fig. 1. Schematic representation of transient upward 
solidification cooled from the bottom. 

 

𝑇 = 𝑇𝐹 − ∑
𝜕𝑇𝐿

𝜕𝐶𝐿𝑖
𝐶𝐿,𝑖

𝑛
𝑖=1 = 𝑇𝐹 − ∑ 𝑚𝐿,𝑖 𝐶𝐿,𝑖

𝑛
𝑖=1    (11) 

and, 
𝐶𝑆

∗ = 𝑘0𝐶𝐿   (12) 

where, 𝑇 is the equilibrium temperature, 𝐶𝑖 is the 
solute 𝑖 concentration and 𝑇𝐹 is the solvent 
melting temperature. 
 

𝐶𝑆
∗    (13) 

is the concentration of the solid at the interface, 
and the sub-indices S and L are relative to the 
solid and liquid phases. 
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2.3 Governing equations 
 

The governing equations for the unsteady 
solidification of multicomponent alloys for 
general purpose must consider mass, energy 
and chemical species for general application, 

 
 Mass 

 
𝜕𝜌

𝜕𝑡
+ ∇ ∙ (𝜌𝐿𝑢) = 0  (14) 

 

 Energy 
 

𝜕𝜌𝐶𝑃𝑇

𝜕𝑡
+ ∇ ∙ (𝜌𝐿𝐶𝑃𝐿𝑢𝑇) = ∇ ∙ (𝑘∇𝑇) − 𝜌𝑆 ∆𝐻 

𝜕𝑔

𝜕𝑡
 (15) 

 

 Chemical species 
 
𝜕𝜌𝐶𝑖

𝜕𝑡
+ ∇ ∙ (𝜌𝐿𝑢𝐶𝐿𝑖) = ∇ ∙ (𝐷𝑖 ∇𝐶𝑖) (16) 

 

The velocity field in the liquid can be updated by 
the value of the liquid volume fraction, 𝑔𝑙  as 𝑢 =
𝑔𝑙𝑢𝑙. 

 
 Boundary and initial conditions: 

 

At 𝑧 = 0, 

𝑢 = 0,−𝑘
𝜕𝑇

𝜕𝑧
= ℎ𝑔(𝑇|𝑧=0 − 𝑇∞) and 

∂C𝑖

∂z
|
𝑧=0

= 0 

(17) 
 

At 𝑧 = 𝑍𝑏 , 

𝑢 → 𝑢∞,
∂T

∂z
|
𝑧=𝑍𝑏

= 0 and 
∂C𝑖

∂z
|
𝑧=𝑍𝑏

= 0 (18) 

 

At 𝑡 = 0, and 0 ≤ 𝑍 ≤ 𝑍𝑏 ,  
 

𝑢 = 0, 𝑇(𝑧) = −𝑎𝑧2 + 𝑏𝑧 + 𝑐, and C𝑖 = C0𝑖 (19) 
 
2.4 Solution scheme 
 
A finite volume method is applied for the 
solution of set of PDEs as previously proposed 
by Swaminathan and Voller [5], modified by 
Ferreira et al. [24,25,28] for parabolic initial 
temperature profile. It is worth mentioning 
that a rescale of temperature in terms of the 
solutes composition in the liquid phase is 
necessary for the coupling between 
temperature and concentration fields 
[5,24,29,30], i.e., for any temperature 𝑇, 𝑇∗ =

𝑇 − 𝑇𝐹 − ∑
𝜕𝑇𝐿

𝜕𝐶𝐿𝑖
𝐶𝐿,𝑖

𝑛
𝑖=1 = 𝑇 − 𝑇𝐹 − ∑ 𝑚𝐿,𝑖 𝐶𝐿,𝑖

𝑛
𝑖=1 . 

For instance, to rescale liquidus temperature, 

𝑇𝐿
∗ = 𝑇𝐿 − 𝑇𝐹 − ∑

𝜕𝑇𝐿

𝜕𝐶𝐿𝑖
𝐶𝐿,𝑖

𝑛
𝑖=1 = 0. The microscale 

model adopted in this work is that proposed by 
Brody-Flemings, modified by Clyne and Kurz 
[31] and associated later with the 
concentration density field [ρC] by 
Swaminathan and Voller [5] as the following, 
 
[𝐶𝐿,𝑖]𝑃 =

[𝜌𝐶𝐿,𝑖]−[𝜌𝐶𝐿,𝑖]𝑃
𝑜𝑙𝑑

+[𝜌𝐿,𝑖 𝑔𝑃
𝑜𝑙𝑑+𝛽𝑖 𝜌𝑆,𝑖(1− 𝑔𝑃

𝑜𝑙𝑑)𝑘0,𝑖][𝐶𝐿,𝑖]𝑃
𝑜𝑙𝑑

𝜌𝐿,𝑖 𝑔𝑃
𝑜𝑙𝑑+𝛽𝑖 𝜌𝑆,𝑖(1− 𝑔𝑃

𝑜𝑙𝑑)𝑘0,𝑖+(1− 𝛽𝑖) 𝜌𝑆,𝑖 𝑘0,𝑖(𝑔𝑃
𝑜𝑙𝑑−𝑔𝑃

𝑛+1)
  (20) 

 
where the parameter 𝛽𝑖 is the solute 
redistribution parameter, defined such that 0 ≤
𝛽𝑖 ≤ 1. Making𝛽𝑖 = 1 gives the Lever Rule, and 
assuming 𝛽𝑖 = 0 gives the Scheil equation for 
limiting cases. For 0 < 𝛽𝑖 < 1, it is the so-called 
finite diffusion. A detailed description of the 
calculation of the parameter 𝛽𝑖 associated with 
solidification kinetics can be found in [29,30]. 
One possible solution for the back-diffusion 
parameter 𝛽𝑖 is proposed by Swaminathan and 
Voller [5], as a function of compound Fourier 

number 𝛼𝑖, function 𝛾𝑖  and solid fraction 𝑓 (
𝑑𝑓

𝑑𝜏
),  

 

𝛽𝑖 =
𝛼𝑖 𝛾𝑖

𝛼𝑖+𝛾𝑖 𝑓(
𝑑𝑓

𝑑𝜏
)
   (21) 

 

In the case of parabolic growth Eq. (21) can be 
expressed as, 
 

𝛽𝑖 =
2𝛼𝑖 𝛾𝑖

2𝛼𝑖+𝛾𝑖 
   (22) 

 

in which  𝛾𝑖  is a function of SDAS envelope 
compound Fourier  𝛼𝑖 and partition coefficient 𝑘𝑖 
and parameter 𝐴 [29], 
 

𝛾𝑖  =
𝐴 𝛼𝑖 𝑘𝑖

𝐴 𝛼𝑖 𝑘𝑖+1 
   (23) 

 

and 𝛼𝑖 is given by,  
 

𝛼𝑖  =
4 𝐷𝑖 𝑡𝑓

𝑆𝐷𝐴𝑆2 
   (24) 

 

where 𝜏 is the dimensionless time, 𝑓 is the solid 
fraction, 𝑡𝑓 is the solidification time for a 

Representative Elementary Volume [29], 𝐷𝑖 is 
the diffusion coefficient of solute 𝑖 and 𝑆𝐷𝐴𝑆 is 
the secondary arm spacing in equilibrium [30] 
and non-equilibrium nucleation [32,33]. 
According to the authors 𝑆𝐷𝐴𝑆 can be 
calculated in terms of Gibbs-Thomson 
coefficient [34] given by, 
 

𝑆𝐷𝐴𝑆 = 5.5 (𝑀 ∙ 𝑡𝑆𝐿)
1
3    (25) 

and, 
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𝑀 =
−𝛤 ∑ 𝑤𝑗𝛽 𝑗

𝑛
𝑗=1

∑ 𝑚𝑗(1−
𝑘 𝑗

𝑘𝑗+(1−𝑘𝑗)𝑒𝑥𝑝(
−𝜈 𝛿𝑗

𝐷𝑗
)

)(𝑐𝑓,𝑗−𝑐0,𝑗) 𝐷𝑗⁄𝑛
𝑗=1

𝑙𝑛

[
 
 
 
 
 ∑ 𝑚𝑗(1−

𝑘 𝑗

𝑘𝑗+(1−𝑘𝑗)𝑒𝑥𝑝(
−𝜈 𝛿𝑗

𝐷𝑗
)

)𝑐𝑓,𝑗 𝐷𝑗⁄𝑛
𝑗=1

∑ 𝑚𝑗(1−
𝑘 𝑗

𝑘𝑗+(1−𝑘𝑗)𝑒𝑥𝑝(
−𝜈 𝛿𝑗

𝐷𝑗
)

)𝑐0,𝑗 𝐷𝑗⁄𝑛
𝑗=1

]
 
 
 
 
 

 (26) 

 

and the Gibbs-Thomson coefficient Γ is calculated 
from Gibbs-Thomson-Ferreira equation (GTF) [34] 
as dependent on the total superficial energy ∇𝐸 the 
thermal field gradient ∇T according to Eq. (27) 
 

Γ = A ∙ ∇T = A ∙ ∇ [
𝜕𝑇

𝜕𝐸
 𝐸] =  A ∙ [∇ (

𝜕𝑇

𝜕𝐸
)𝐸 +

𝜕𝑇

𝜕𝐸
∇𝐸]  (27) 

 

where, the thermal field gradient, ∇ [
𝜕𝑇

𝜕𝐸
 𝐸] =  ∇T 

can be referred to as the thermal field tensor Γ, in 
which the Gibbs-Thomson-Ferreira coefficient is 

expressed as Γ =  A ∙ ∇ [
𝜕𝑇

𝜕𝐸
 𝐸] =  A ∙ ∇T and the 

identity  A ∙ ∇ [
𝜕𝑇

𝜕𝐸
 𝐸] =  A ∙ ∇T is true. 

 
It is well known that dependence of transformation 
isotherms on the melting temperature, chemical 
species, pressure, work, and other system variables 
can be calculated by taking account a new general 
physical entity named thermal field 𝑇 which is 
defined by the thermodynamics first law, 𝑄 − 𝑊 =
∑ 𝐸𝑖

𝑛
𝑖=1 , which affects the transformation 

temperature [34], redefining the Gibbs–Thomson 
scalar coefficient 𝛤 as a novel tensor physical entity Γ, 
 

 T =
𝜕𝑇

𝜕𝐸
 𝐸 = 𝑇𝐹 − ∑

𝜕𝑇

𝜕𝑛𝑖
𝑛𝑖

𝑛
𝑗=1 +

𝜕𝑇

𝜕𝝈
𝜎 +

𝜕𝑇

𝜕𝑤
𝑤 +

𝜕𝑇

𝜕Σ𝑜𝑡ℎ𝑒𝑟
Σ𝑜𝑡ℎ𝑒𝑟  (28) 

 

in which σ = τ − 𝑝 I, 𝑇𝐹 is any transformation 
temperature, 𝑛𝑖 is the number of moles of 
species 𝑖, 𝑤 is the work, and Σ𝑜𝑡ℎ𝑒𝑟 represents 
other forms of energy. 
 
3. RESULTS AND DISCUSSION 
 
An accurate description of transient solidification 
kinetics of multicomponent alloys for wide space 
and time scales requires the determination of both 
the thermal resistances evolution for the evolving 
solid phase, thermophysical and phase 
transformation properties. For latent heat thermal 
energy storage (LHTES) application for pure 
materials, approaches like in De London and Seban 
[35]. For heat release under a temperature range, 
kinetic can change the amount of heat release for 

the same alloy under different cooling conditions 
[5,24,29,30,32]. A total of 200h were spent in 
simulation to pose the thermal parameters and 
solidification variables in a suitable form to 
represent the evolution of dimensionless 
solidification. For instance, in the case of 
dimensionless surface temperature 𝜃𝑖

∗, two 
different sets of results are obtained by simply 
neglecting the shrinkage-induced flow [5,6]. The 
selection of the Al-6Cu-1Si and Al-6Cu-3Si (all in wt 
%) alloys to be analysed was based on the following 
criteria: The availability of both thermophysical 
and phase-transformation properties [26,27] 
provided in Table 1; A medium-temperature PCM 
[14] to permit being applied as LHTES for 
commercially available thermoelectric generators - 
TEG of intermediate performance [19] as well as for 
steam Rankine combined cycles [21]. Primary and 
secondary reactions such as precipitation of Si, 
LIQUID, FCC_A1, AL2CU and SILICON phases are 
considered through Thermo-Calc Application 
Programming Interface v.5 (TCAPI5) and 
Thermotech Thermal Aluminium Database - v.7. 
The code is written in Microsoft C++. The transport 
equations are solved by finite volume method 
(FVM) and the code is written for Intel (R) Fortran 
Intel (R) 64 Compiler Classic for applications 
running on Intel (R) 64, Version 2021.9.0 Build 
20230302_000000. In unsteady solidification in 

cooled moulds, 𝐵𝑖𝑜𝑡−1 =
𝑘𝑠

ℎ𝐺 𝐿
 depends on the 

global heat transfer coefficient ℎ𝐺 , which is 
normally time-dependent, which can be expressed 

in the ℎ𝐺 = 𝑎 𝑡−𝑏 form, where 𝑎 and 𝑏 are 
constants [24,25]. In this case, there are two 
possible approaches for the application of graphical 
solution: In the first approach, a mean integral of 

𝐵𝑖𝑜𝑡̅̅ ̅̅ ̅̅ −1 =
1

𝑡𝑚𝑎𝑥
∫ 𝐵𝑖𝑜𝑡−1(𝑡)𝑑𝑡

𝑡𝑚𝑎𝑥

0
 is calculated and 

used to determine the mean kinetics of heat release. 
In the second case, discrete values of 𝐵𝑖𝑜𝑡−1 are 
determined as a function of time for each ℎ𝐺  to 
correct the kinetic. For instance, by considering 
ℎ𝐺 = 6000 𝑡−0.12 [W m-2 K-1], 𝐿 = 1 [m] and 𝑘𝑆 =
180 [W m-1 K-1], as shown in Fig. 2. 
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( a ) 

 

( b ) 

Fig. 2. Time dependence on, (a) global transient heat transfer coefficient, ℎ𝐺; and (b) inverse of 𝐵𝑖𝑜𝑡, 𝐵𝑖𝑜𝑡−1.  
 

In Figure 3A, the SDAS calculations are carried 
out for the Al-3wt%Cu-9wt%Si alloy and plotted 
against the experimental data found in [30] as a 
necessary step for the evaluation of equations 
(22)-(24) related to the microsegregation 

parameter 𝛽𝑖 for the Cu and Si solutes, a 
necessary procedure for correctly calculating the 
latent heat release in the mushy zone, as shown 
in Fig. 3B. 
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(a) 

 

(b) 

Fig. 3. Application of the modified Rappaz and Boettinger SDAS model to ( A ) determine secondary arm spacing, 
and ( B ) calculate local back-diffusion parameters. 

 
In Figure 4, the dimensionless surface 

temperature 
𝜃(0,𝑡)

𝜃𝑖
 is plotted against Fourier 

number 𝐹𝑜 of the liquid for a set of 𝐵𝑖𝑜𝑡−1 curves 
for the investigated alloys. The simulation of 
surface cooling curves assume 𝑑𝑡 = 5 𝑥 10−4 𝑠 
for 0.2 ≤ 𝐵𝑖𝑜𝑡−1 ≤ 2, and 𝑑𝑡 = 10−4 𝑠 for 

0.005 ≤ 𝐵𝑖𝑜𝑡−1 ≤ 0.1. The magnitude of time 
scale variation is about 106 s. The problem 
associated to the scales of space and time in the 
solution of PDE is a well-known problem [7]. In 
this paper, the simulation stopped as the eutectic 
isotherm reaches 𝑆𝐸𝑢𝑡 = 𝐿 for application in 
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LHTES reservoirs. The effect of solidification 
range is noticed since it acts as a resistance to the 
evolution of the liquidus and eutectic isotherms, 
causing a faster solidification in the case of Al-
6Cu-3Si (in wt%) alloy, as observed in Fig. 4 and 
Fig. 5. The dimensionless technique applied for 
the surface temperature profiles, despite having 

similar shapes due to different thermophysical 
properties. Thus, a new proposition for 
dimensionless temperature as a function of 
𝐵𝑖𝑜𝑡−1 must be derived. Nevertheless, within the 
same alloy it is valid for a wide range of space L, 
time t and 𝐵𝑖𝑜𝑡 scales. 

 
(a) 

 
(b) 

Fig. 4. Surface dimensionless temperature against Fourier number as a function of 𝐵𝑖𝑜𝑡−1, (A) Al-6wt%Cu-1wt%Si 
and, (B) Al-6wt%Cu-3wt%Si alloy. 
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(a) 

 
(b) 

Fig. 5. Dimensionless position of liquidus and eutectic isotherms as a function of Fourier number for several 𝐵𝑖𝑜𝑡−1 
curves, (A) Al-6wt%Cu-1wt%Si and, (B) Al-6wt%Cu-3wt%Si alloy. 

 
The dimensionless positions of liquidus and 
eutectic isotherms are expressed in terms of 

Fourier number of liquid phase F0 =
αL t

L2   as 

shown in Fig. 5. By comparing Fig. 5A and Fig. 
5B, it can be seen that the liquidus and eutectic 
isotherms of Al-6Cu-3Si (in wt %) alloy are 
more accelerated for a given Biot number. The 

change in isotherm positions of studied alloys 
implies in opposition to the non-reacting heat 
conduction. Therefore, Fourier number alone is 
not suitable to express the dimensionless time 
scale for the solidification of alloys, however, a 
certain combination of parameters considering 
Stefan number must be carried out to reduce 
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the items A and B of the Fig. 4 and Fig. 5 to 
singular curves for both regarded alloys. 
Furthermore, when Biot increases as a 
consequence the solidification time decreases 
from very distinct curves at low Biot numbers 
to similar curves at the beginning of 
solidification for high Biots, condition normally 

verified in rapid solidification like in laser 
surface treatment, whose thermal gradients are 
of ~105 K m-1 to 106 K m-1 due to a faster 
increasing thermal gradient at the eutectic 
interface, as recently demonstrated analytically 
for binary alloys [8]. 

 
Table 1. Thermophysical and transformation properties. 

Properties Symbol Units Al-6 wt. %Cu-1 wt. %Si Al-6 wt. %Cu-3 wt. %Si 

Liquidus temperature 𝑇𝐿 °𝐶 638 624.65 

Solidus temperature 𝑇𝐸𝑈𝑇 °𝐶 530.2 525.07 

 𝑇𝑆𝐼 °𝐶 527.6 549.34 

Liquidus slope 𝑚𝐿
𝐶𝑢 °𝐶(𝑤𝑡%𝐶𝑢) 3.437 3.700 

𝑚𝐿
𝑆𝑖  °𝐶(𝑤𝑡%𝑆𝑖) 7.091 7.422 

Equilibrium partition coefficient 𝑘𝐶𝑢  0.1028 0.1419 

𝑘𝑆𝑖   0.1120 0.1612 

Activation energy 

(Al liquid) 
𝑄𝑑

𝐶𝑢
𝐿

 𝑘𝐽 𝑚𝑜𝑙−1 24 24 

𝑄𝑑
𝑆𝑖

𝐿
 𝑘𝐽 𝑚𝑜𝑙−1 30 30 

Diffusion constant 

(Al liquid) 

𝐷0
𝐶𝑢

𝐿
 𝑚2 𝑠−1 3.0 × 10−9 3.0 × 10−9 

𝐷0
𝑆𝑖

𝐿
 𝑚2 𝑠−1 1.0 × 10−9 1.0 × 10−9 

Activation energy 

(Al FCC) 
𝑄𝑑

𝐶𝑢 𝑘𝐽 𝑚𝑜𝑙−1 130.2 130.2 

𝑄𝑑
𝑆𝑖  𝑘𝐽 𝑚𝑜𝑙−1 137.0 137.0 

Diffusion constant 

(Al FCC) 
𝐷0

𝐶𝑢 𝑚2 𝑠−1 2.9 x 10-5 2.9 x 10-5 

𝐷0
𝑆𝑖  𝑚2 𝑠−1 2.48 x 10-4 2.48 x 10-4 

Thermal conductivity (solid) 𝑘𝑆 𝑊 𝑚−1𝐾−1 180 161.0 

Thermal conductivity (liquid) 𝑘𝐿  𝑊 𝑚−1𝐾−1 87.9 66.9 

Density (solid) 𝜌𝑆  𝑘𝑔 𝑚−3 2713.4 2733.4 

Density (liquid) 𝜌𝐿 𝑘𝑔 𝑚−3 2529.5 2542.1 

Specific heat (solid) 𝑐𝑆 𝐽 𝑘𝑔−1𝐾−1 1063 1099.0 

Specific heat (liquid) 𝑐𝐿 𝐽 𝑘𝑔−1𝐾−1 1125 1116.0 

Latent heat of fusion (𝐹𝐶𝐶_𝐴1) Δ𝐻𝐹𝐶𝐶_𝐴1 𝐽 𝑘𝑔−1 289600 260300 

Latent heat of fusion (𝑆𝐼𝐿𝐼𝐶𝑂𝑁) Δ𝐻𝑆𝑖  15800 50000 

Latent heat of fusion (𝐸𝑈𝑇𝐸𝐶𝑇𝐼𝐶) Δ𝐻𝐸𝑢𝑡  57200 72700 

Dynamic viscosity of the liquid 𝜇𝐿 𝑘𝑔 𝑚−1𝑠−1 3.0 × 10−3 3.0 × 10−3 

Coefficient of thermal expansion 𝛽𝑇 𝐾−1 −4.95 × 10−5 −4.95 × 10−5 

Solutal expansion coefficient 𝛽𝑐  (%)−1 −0.72 −0.72 

Permeability constant 𝐾0 𝑚2 6.67 × 10−11   6.67 × 10−11   

 
4. CONCLUSIONS 
 
From the results obtained and discussed above, 
the following conclusions are deduced: 
A wide range of 𝐵𝑖𝑜𝑡 number is analysed for the 
transient upward solidification of Al-6Cu-1Si and 
Al-6Cu-3Si (all in wt %) alloys for a magnitude of 
106s time scale. By considering surface 
temperature as well as position of both liquidus 
and eutectic isotherms in relation to the Fourier 
number of the liquid phase, despite the similar 
behaviour of the solidification thermal variables, 

𝜃(0,𝑡)

𝜃𝑖
 and 𝑆∗, the difference in the solidification 

range, latent heat and other thermophysical 
properties provide distinct curves. The 
solidification local time is also affected by the 
kinetics. The maximum value applied to 𝐵𝑖𝑜𝑡 
number in this study is 200. In this case, it can be 
observed that liquidus and eutectic curves are 
very close to each other, similarly to that verified 
for rapid solidification processes, where only a 
single solid/liquid interface is present due to the 
high thermal gradient at the eutectic interface be 
much greater than that at the liquidus isotherm, 
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as recently analytically demonstrated for binary 
alloys [8]. To get the same shape for the 
solidification variables for several compositions, 
a new parameter that comprised 𝑆𝑡𝑒 number 
must be proposed for the case of dual moving 
boundary interfaces during alloys solidification.  
 
A novel scheme is proposed for determining the 
solute redistribution coefficient 𝛽𝑖 based on the 
SDAS Fourier number 𝛼𝑖 calculated from the 
nucleation formulation recently derived by 
Ferreira et al. [34]. 
 
The nucleation/growth radius 𝑟 is used to 
demonstrate a novel proposal in which the local 
Fourier number 𝛼𝑖 is theoretically determined 
from a first- or second-order formulation 
nucleation model in terms of the thermal field 
tensor Γ. 
 
This work may contribute to the understanding 
of how to manage solidification operational 
parameters aiming at designing of the LHTES 
reservoirs. 
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